We study the fingering instability of the interface between two miscible fluids, a colloidal suspension and its own solvent. The temporal evolution of the interface in a Hele-Shaw cell is found to be governed by the competition between the non-linear viscosity of the suspension and an off-equilibrium, effective surface tension Γ e . By studying suspensions in a wide range of volume fractions, Φ C , we show that Γ e ∼ Φ 2 C , in agreement with Korteweg's theory for miscible fluids.
works the observed patterns were explained without including the contribution of the surface tension [14] , or by explicitly assuming Γ e = 0 [15, 16] .
Colloidal suspensions may be regarded as ideal benchmark systems to investigate surface tension effects, thanks to the possibility of controlling the interparticle interactions and because the interface may be probed in great detail, down to the particle level [17] .
Previous work has focussed on the equilibrium interface between phase-separated colloidal fluids [17] [18] [19] [20] ; however, colloidal suspensions are also excellent candidates for investigating off-equilibrium surface tension. Indeed, diffusion is much slower in colloids as compared to atomic systems, leaving a wider temporal window for probing the transient interface between miscible fluids. Additionally, the rich rheological behavior of colloidal suspensions allows one to explore surface tension beyond the simple case of Newtonian fluids typically relevant for molecular fluids.
In this letter, we report Hele-Shaw experiments on the fingering instability observed at the interface between two miscible fluids, a colloidal suspension and its own solvent. We show that the evolution of the interface pattern is governed by both the non-linear viscosity of the suspension and an effective surface tension, which we measure as a function of the volume fraction of the suspension. Our results confirm the quadratic scaling predicted by Korteweg, Eq. (1). We furthermore show that, for our microgel particles, Γ e is governed by the entropy associated with the internal degrees of freedom of the particles, leading to a surprising, previously unreported growth of Γ e with particle size.
The experiments are performed in a Hele-Shaw cell consisting of two square glass plates of side L = 25 mm separated by four Mylar spacers, fixing the gap at b = 0.5 mm. The cell is filled with the fluid to be studied, whose viscosity is η 2 . A less viscous fluid is injected through a hole of radius r 0 = 0.5 mm in the center of the top plate. For all experiments, we use water died with 0.5% w/w of methylene blue as the less viscous fluid, with viscosity η 1 = 1.011 mPa s. The injected volume per unit time,V , is controlled via a syringe pump.
Temperature is fixed at T = 293 ± 0.1 K by means of a Peltier element placed under the bottom glass plate. The Peltier has a circular hole of radius 8.5 mm for optical observation.
A fast CMOS camera (Phantom v7.3 by Vision Research) run at 100 to 3000 frames s −1 is used to record movies during injection, by imaging the sample through the bottom plate.
Typical images of the interface between the two fluids are shown in Figs. 1 and 2 , where the distinctive instabilities that develop when η 1 < η 2 are clearly visible. In the framework of linear evolution theory, such an instability is conveniently described by decomposing the interface profile in Fourier modes, the mode of order n being associated with a pattern with n lobes, or fingers. For two Newtonian fluids, the order n f of the mode with the fastest growth rate is given by [21] 
where r = r is the time-dependent radius of the unperturbed interface, Γ the interfacial tension between the two fluids andγ I = 3V (2πr 0 b 2 ) −1 the shear rate at the injection hole. This expression is often used to describe the number of fingers experimentally observed at the onset of the instability [22] . However, in experiments the observed number of fingers should be regarded as being related to the mode with maximum amplitude, rather than to the fastest growing one. We thus modify the standard linear evolution theory to calculate n A , the order of the experimentally accessible mode with the maximum amplitude,
where α = −W (−3e −3 ) 0.422, with W (x) the Lambert function satisfying x = W (x)e W (x) . Although Eq. (3) is formally derived in the limit n A >> 1, we check numerically that it holds to a very good approximation already for n A ≥ 2 [23].
We test the validity of Eq. (3) by performing Hele-Shaw experiments using two Newtonian fluids for which all the relevant parameters are known: dyed water and silicon oil (η 2 = 12.5 Pa s, Γ = 39.8 mN m −1 [24] ). Figures 1(b-e) show typical interface patterns observed at various injection rates. We determine n A by counting the number of fingers of the destabilized interface, averaging over typically two or three independent experiments for eachγ I . To compare the experiments to the theory, it is convenient to recast Eq. (3) in the
where the experimental 'finger function' K exp is defined by
while its theoretical value depends only on the rheological and interfacial properties of the fluids, the cell geometry, and the imposed shear rate:
Figure 1(a) shows K exp (n A , r) vsγ I for the water-silicon oil system. The experimental points (symbols) are in excellent agreement with the line, which shows K th , obtained from Eq. (6) using the fluids and cell parameters. We emphasize that such a quantitative agreement would not hold if K exp was calculated by interpreting the observed number of fingers as the fastest-growing Fourier mode of the destabilized interface, i.e. if n A was replaced by n f = n A /α in Eqs. (4, 5) , as shown in the inset of Fig. 1(a) .
Having demonstrated that our experiments allow the flow and interfacial parameters to be quantitatively determined, we use the same setup to investigate the off-equilibrium interfacial tension between a colloidal suspension and its solvent. We study aqueous suspensions of poly-N-isopropylacrylamide (PNiPAM) microgel particles, whose synthesis is described in Ref. [25] . At T = 293 K the particles have hydrodynamic radius R h = 165 nm, as measured by dynamic light scattering in dilute suspensions. For the same synthesis, the radius of gyration has been determined to be R g 0.5R h [26] . We perform experiments for several particle concentrations, which we express as the effective volume fraction, Φ C , of the microgels. Experimentally, the polymer mass concentration, c (w/w), is known from the synthesis. In the dilute regime where direct particle interactions are negligible, the effective volume fraction is simply proportional to c. For all concentrations, we define the effective volume fraction as Φ C = kc, where k is determined from the viscosity of the suspension in the dilute limit. We find k = 20.1 by matching the c-dependent zero-shear viscosity of the suspension to Einstein's formula, η = η 0 (1 + 2.5kc), where η is the viscosity of the suspen- . while for jammed suspensions K exp grows sublinearly withγ I at high shear rate and tends to a plateau forγ I → 0. This behavior is strongly reminiscent of the shape of the flow curve, σ(γ), in colloidal suspensions, where σ = ηγ is the shear stress when imposing a shear ratė γ. This suggests that K exp is proportional to the shear stress contrast, i.e. that Eq. (4) may be generalized by
where η 2 (γ r ) is the shear-rate dependent viscosity of the suspension,γ r = 4r 0γI r the shear rate at the position r of the interface (assuming Poiseuille flow), and Γ e the (Φ C -dependent) effective surface tension between the suspension and its solvent. In writing Eq. (7) one implicitly assumes that the same kind of patterns are observed for our shear-thinning concentrated microgel suspensions as for Newtonian fluids. Numerical work on the Saffman-Taylor instability in a radial Hele-Shaw geometry supports this scenario [28] , by showing that the non-Newtonian character of the fluids does not change qualitatively the instability, but just accelerates (resp., delays) its onset for shear-thinning (resp., shear-thickening) fluids. The choice of Eq. (7) is also supported by previous works [29, 30] on the Hele-Shaw instability between immiscible non-Newtonian fluids in a rectangular geometry, where the dynamics of the fingers was described by a generalized Darcy law where the Newtonian viscosity was replaced by the shear rate-dependent viscosity.
In order to test Eq. (7), we measure the flow curves of the microgel suspensions. Figure 3 shows σ(γ) obtained via conventional rheology. The required shear-dependent viscosity is obtained from η 2 = σ fitγ −1 , where σ fit is a fit to the measured flow curve (lines in Fig. 3 ).
The fits allow the viscosity to be estimated by extrapolation in the whole range of shear rates relevant to the Hele-Shaw experiments, beyond those accessible by rheology. Standard models for Newtonian and non-Newtonian fluids are used for the fits, according to the volume fraction of the suspension: Herschel-Bulkley [31] , double power law [32] , Cross-like law [26] )
and Newtonian behavior, as detailed in Ref.
[23]. We find that for all Φ C the reduced finger
, is proportional toγ I , as predicted by Eq. (7), and we determine the proportionality coefficient Γ −1 e by linear fitting. Figure 4 shows K * exp Γ e as a function of the injection shear rate. When using this reduced variable, the data for all the investigated volume fractions previously shown in Fig. 2 fall onto a straight line spanning more than three orders of magnitude, thereby validating Eq. (7).
We test Korteweg's prediction, Eq. (1), in Fig. 5 . For our system, the particle volume fraction in the injected phase is zero, so that Eq. (1) reduces to Γ e ∼ Φ 2 C , where we have assumed a linear variation of the concentration profile across an interface of thickness δ. Figure 5 shows that Korteweg's law holds over a wide range of concentrations, corresponding to a variation of Γ e of more than one decade. We go a step further and model our experiments at a microscopic level by calculating κ. To this end, we identify ϕ in Eq. (1) with the volume fraction of the polymer, rather than that of the particles, since the microgels are highly swollen by the solvent. Using literature values for the polymer mass density, one has ϕ = 3.6 × 10 −2 Φ C . The Korteweg constant has been calculated by Balsara and Nauman [33] for inhomogeneous mixtures of a solvent and ideal-chain polymers. We extend their calculation to crosslinked polymers [23], in the limit ϕ << 1 relevant to our microgels, finding
with R the gas constant, V w = 18 × 10 in the range of Φ C studied here varies from 340 nm to 460 nm. This confirms that in our experiments diffusion at the interface is negligible and validates quantitatively our analysis.
To test the robustness of Eqs. (1) and (8), we perform additional experiments on microgels with the same composition but smaller size, R h = 70 nm and 100 nm, respectively. From
Eqs. (1) and (8) and using δ ∼ R g ∼ R h , one expects that data for microgels with different R h should collapse onto a mastercurve when normalizing Γ e by R h . The inset of Fig. 5 shows that this is indeed the case. We emphasize that the scaling Γ e ∼ R h is in stark contrast with the usual scaling of the interfacial tension between molecular or colloidal phases, where Γ ∼ a −2 , with a the particle size [2, 18] . This highlights the different origin of the surface tension in our experiments, where the entropic contribution due to the internal degrees of freedom of the polymeric particles dominates, as opposed to molecular materials where the surface tension is proportional to the particle bond energy per unit area, leading to Γ ∼ a −2 , or the hard sphere systems of Refs. [17] [18] [19] , for which translational entropy dominates, In conclusion, we have investigated the pattern formation resulting from the injection of the solvent in a colloidal suspension, a model system for investigating the non-equilibrium, effective surface tension between miscible fluids. The observed interface instability can be rationalized by a remarkably simple expression, which depends separately on the rheological properties of the suspension and on the effective, off-equilibrium suspension-solvent surface tension. Our results confirm Korteweg's law and raise challenging questions on the behavior of κ, and thus Γ e , as a function of inter-particle and particle-solvent interactions, as well as particle size and shape. More generally, our findings provide an experimental and theoretical framework for exploring non-equilibrium surface tension effects, a topic relevant in many problems, ranging from material processing to fundamental fluid dynamics. showing the collapse of all data onto a single straight line.
SUPPLEMENTARY MATERIAL
We provide here details on i) the calculation of the mode n A with maximum amplitude in the Saffman-Taylor instability in a radial Hele-Shaw geometry; ii) the fits to the flow curves, Fig. 3 of the main text; iii) the determination of the square gradient (Korteweg) constant κ for microgel particles composed of cross-linked polymers.
Saffman-Taylor instability: mode with the maximum amplitude in a radial Hele-
Shaw geometry
We start from the linear analysis of the Saffman-Taylor instability in radial geometry performed by Miranda and Widom [21] , where the perturbation around a circular interface due to the instability is decomposed in Fourier modes of (complex) amplitude ζ n (t). Assuming that the noise giving rise to the instability is a complex number ζ 0 n , with a random phase and a n-independent modulus, the time-dependent amplitude of the n-th mode of the perturbation can be written as:
In Eq. (9) only holds for nA > 1. In our experiments this is not a limiting condition, since A is such that this inequality is fulfilled for n ≥ 1 for the water-silicon oil system and for n > 1 for the water-microgel system.
We calculate the mode having the maximum amplitude at a distance r from the center of the Hele-Shaw cell by solving dζ n (t) dn = 0 .
By substituting Eq. (9) in Eq. (10), one finds that the number of the mode with maximum amplitude must satisfy
The first factor in curly brackets is strictly positive for any n ≥ 1. Hence, Eq. (11) is satisfied only if the second factor in curly brackets vanishes, which, in the asymptotic limit n >> 1, yields 3n Equation (12) has two real solutions: n A1 = √ KA and n A2 = − . Note that n A1 > n f while n A2 < n f , where
is the mode with the maximum growth rate as obtained in Ref. [21] . A numerical analysis of the problem shows that the number of fingers grows with time, as confirmed by the experiments. Thus, at any time the mode with maximum growth rate must be larger than that with maximum amplitude. It follows that the first solution, n = n A1 , is non-physical.
The final expression for the mode with the maximum amplitude is then
which is Eq. (2) of the main text.
Equation (14) has been derived in the limit n >> 1. To test how stringent this condition actually is, we calculate numerically the exact solution to Eq. (10) and compare it to the asymptotic result, Eq. (14), for fluid parameters close to those of our experiments. Figure   S1 shows that the agreement is indeed very good already for n A 2.
Flow curves
The flow curves of the microgel suspensions are obtained by performing steady rate rheology experiments, using a cone-plate geometry (cone diameter = 50 mm, cone angle = 0.0198 rad) for low microgel concentrations (P hi C ≤ 0.4), and a 25 mm-plate with a roughened surface for suspensions at volume fraction 0.4 < P hi C ≤ 1.2, to avoid wall slip. The flow curve has been measured both by increasing sequentially the shear rate and by decreasing it, starting from its largest value. No difference are observed depending on the chosen protocol. The flow curves of the the microgel suspensions at different colloidal volume fractions Φ C (see Fig. 3 of the main text) are fitted by using functional forms issued from standard rheological models. Below, we report the functional form and the fitting parameters for all curves. For suspensions in the jammed state we use the Herschel-Bulkley equation [31] :
where σ(γ) is the shear stress andγ the shear rate. The fitting parameters are the yield stress σ y and the model parameters λ and β. For Φ C = 0.4 the flow curve has been fitted using a Cross-like equation:
where η 0 is the zero-shear viscosity of the solution, 1/C is the characteristic shear rate denoting the onset of the shear thinning and m the shear thinning exponent. We obtain the following values for the fitting parameters:
Finally, for Φ C < 0.4 the microgel suspensions exhibit a Newtonian behavior and the flow curves are fitted via a simple linear function
We find: Balsara and Nauman [33] derived the square gradient (or Korteweg) constant κ introduced in Eqs. (1) and (8) of the main text from the entropy of mixing for a spatially inhomogeneous solution of Gaussian polymer chains. As we shall review it below, the calculation of Ref. [33] crucially relies on the scaling 2 ∼ a 2 N , where is the typical size (e.g. the end-to-end distance or the radius of gyration or the hydrodynamic radius) of a chain of N monomers of size a. In this section, we show that the entropic contribution to κ does not change, with respect to the result by Balsara and Nauman, for polymers with a different topology, provided that the same scaling 2 ∼ N still holds. Before discussing the behavior of κ,
we argue that indeed the scaling 2 ∼ N does apply to our microgel particles. Theoretical work by Ohno [39] Squared hydrodynamic radius as a function of the number of monomers N per microgel particle for PNIPAM microgels. The line is a power law fit, R 2 h ∼ N β , yielding β = 1.08 ± 0.03, very close to the linear scaling R 2 ∼ N predicted for ideal polymers [39] .
In order to understand how the calculation of Balsara and Nauman is modified for a cross-linked polymer, it is useful to start by recalling its main steps. m chains, each of which contains N monomers, occupy a volume V , which is discretized in n 0 lattice sites; a lattice site can be occupied by one monomer at most. The local polymer volume fraction ϕ at a distance r from a generic lattice site P can be expressed as a Taylor series in terms of the volume fraction at point P as follows:
The average volume fraction at a distance L from a randomly chosen lattice site is then
whereφ is the volume fraction averaged over all the n 0 sites. In order to calculate the entropy of mixing of an inhomogeneous polymer solution, one has to take into account the contribution of the concentration gradient, which modifies the probability of occupancy of a given site. Assuming that i chains already occupy the lattice, for small concentration gradients the fraction of sites available to the n-th monomer of the (i + 1)-th chain is given by [33] 
where l 2 n = na 2 is the average squared extension of a segment with n monomers, with a the monomer-monomer distance. For a lattice with coordination number z, the number of ways of arranging the (i + 1)-th chain, ν i+1 , is:
corresponding to a total number Ω 12 of distinguishable arrangements of m chains given by
The total entropy of mixing is obtained from
where k B is Boltzmann's constant and Ω 1 and Ω 2 are respectively the number of distinguishable arrangements of the polymer chains and of the solvent molecules before mixing.
We now replace the Gaussian chains of Ref. [33] by the cross-linked chains of our microgels, adopting a minimal model of a long Gaussian chain composed of N monomers G times cross-linked. In the presence of cross-links, Eqs. (21)- (24) need to be modified. If the scaling 2 ∼ N holds, as for our microgels, Eq. (21) is still valid, provided that the average squared end-to-end distance of a Gaussian segment with n monomers is replaced by the appropriate expression for cross-linked chains:
where here and in the following a tilde sign is used for variables referring to the case of cross-linked chains. In Eq. (25), b is a suitable prefactor, whose value for the limiting case of a Gaussian coil is b = 1. In Eq. (22), the prefactors z or z − 1 account for the number of sites available to the next monomer to be placed on the lattice. For the cross-linked monomers, these prefactors will be reduced, since two monomers must be placed simultaneously on the lattice, which increases the constraints on the number of possible ways of placing them. With no loss of generality, we may assume that the number of ways of arranging the (i + 1)-th chain is given by a modified expression, 
yielding the following modified expression for the total entropy of mixing
We note that the entropy of mixing for cross-linked chains has the same formal expression as that for Gaussian chains, Eq. (24), the only difference being constant prefactors in Ω 12 and Ω 1 , and, more crucially, l 2 n being replaced by l 2 n in Ω 12 . We thus follow the same procedure as in Ref. [33] in order to isolate the terms in the r.h.s. of Eq. (28) that depend on the concentration gradient. One finds that the entropy of mixing per site, ∆ s ≡ ∆ S/n 0 , reads 
where is the number of sites per unit volume. Equation (31) 
where R is the gas constant, V w the molar volume of the solvent, χ the Flory-Huggins interaction parameter for the cross-linked polymer, and R e the end-to-end radius of the polymer. Note that once expressed as a function of R e , the Korteweg constant, r.h.s. of Eq. (33) , has the same expression as in Ref. [33] .
For the sake of comparison with the experiments, it is convenient to write the Korteweg constant as a function of R g , the radius of gyration of the polymer. For cross-linked polymers [43] ,
Using Eqs. (33) and (34), one finds
which, in the limit ϕ << 1 relevant for our experiments, coincides with Eq. (8) of the main text.
